Let M be a left module over a ring R and I an ideal of R. We call (P , f ) a projective I -cover of M if f is an epimorphism from P to M, P is projective, Ker f ⊆ I P , and whenever P = Ker f + X, then there exists a summand Y of P in Ker f such that P = Y + X. This definition generalizes projective covers and projective δ-covers. Similar to semiregular and semiperfect rings, we characterize I -semiregular and I -semiperfect rings which are defined by Yousif and Zhou using projective I -covers. In particular, we consider certain ideals such as Z( R R), Soc( R R), δ( R R) and Z 2 ( R R).
Introduction
As is well known, projective covers play an important role in characterizing semiperfect and semiregular rings. Recently some authors have worked with various extensions of these rings (see for example [1, 9, 11, 12, 14, 15] ). Zhou calls a ring R δ-semiperfect (δ-semiregular) if for a (finitely generated) left ideal I of R, I = Rf ⊕ S where f 2 = f ∈ R and S ⊆ δ( R R), and also by defining projective δ-cover, he characterizes these rings. After that, Yousif and Zhou extend semiperfect and semiregular rings to I -semiperfect and I -semiregular rings by taking an ideal I instead of δ( R R). Next, Nicholson and Zhou study I -semiperfect and I -semiregular rings by introducing strongly lifting ideals. A module theoretic version of these extensions is studied in [1, 12] ; also by defining projective Soc-covers, Soc-semiperfect modules are characterized in [12] .
The purpose of this paper is to characterize I -semiregular and I -semiperfect rings by defining general projective covers.
In Section 2, we prove that any direct sum of I -semiregular modules is I -semiregular for an ideal I .
In Section 3, we introduce the notion of DM submodules and use this to define projective I -covers which are a generalization of some well-known projective covers. A submodule N of M is called DM in M if there is a summand S of M such that S N and M = S + X, whenever N + X = M for a submodule X of M. A pair (P , f ) is called a projective I -cover of M if P is projective and f is an epimorphism from P to M such that Ker f ⊆ I P and Ker f is DM in P . After investigating some properties of DM submodules, we prove that a module M has a projective J (R)-cover if and only if M has a projective cover (Proposition 3.6). M is called DM for I if any submodule of I M is DM in M. A ring R is called a left DM ring for I if for any finitely generated free left R-module is DM for I . We generalize Bass's Lemma (see [10, Lemma B.15] ): for an ideal I and a projective module M, if M/N has a projective I -cover, then M = Y ⊕ X for some submodules Y and X with Y ⊆ N and X ∩ N ⊆ I M. The converse is true when M is DM for I (Lemma 3.10). Then we give some equivalent statements for I -semiregular rings when R is a left DM ring for I .
The last section is concerned with the characterization of I -semiperfect rings with a projective I -cover or a projective I -semicover. But first, we get a generalization of one of Azumaya's Theorems [3, Theorem 4] (Theorem 4.4). After that we prove that if R is a left DM-ring for I , then R is I -semiperfect if and only if every finitely generated left R-module has a projective I -cover. In addition, they are equivalent to the fact that every simple factor module of R R has a projective I -cover when R is DM for I with C 3 (Theorem 4.8). In the last two sections, we have satisfactory characterizations of I -semiregular and I -semiperfect rings when I is δ( R R), Soc( R R), Z( R R) or Z 2 ( R R) because some of the conditions can be omitted for these ideals.
Throughout this paper, R denotes an associative ring with unit and M denotes a unitary left R-module. We write Rad(M), Soc(M), Z(M) and Z 2 (M) for the Jacobson radical, the socle, the singular submodule and the second singular submodule of M respectively. J (R) is the Jacobson radical of R, and I will be any ideal in the paper. We write M * for Hom(M, R).
I -semiregular modules
Nicholson [8] calls an element x of a module M semiregular if Rx = A ⊕ B where A is a projective summand of M and B ⊆ Rad(M). A module is called semiregular if each of its elements is semiregular. For a module M, this concept was extended in [1] to the notion of U -semiregular elements by taking any fully invariant submodule U of M instead of Rad(M).
In this section, we consider the fully invariant submodule I M for an ideal I . We use "I -semiregular" instead of "I M-semiregular" and we want to prove that if M = i∈I M i , then M is I -semiregular if and only if each M i is I -semiregular. An element m of a module M is called I -semiregular if it satisfies the conditions in Lemma 2.1, and M is called an I -semiregular module if every element of M is I -semiregular. In [1] , it is named by "I M-semiregular" but we use "I -semiregular" in this note for short. A ring R is called I -semiregular if R R is an I -semiregular module. Note that I -semiregular rings are left-right symmetric by [14] .
For an ideal I of a ring R, I M is a fully invariant submodule of an R-module M. Hence another characterization of I -semiregular modules is given by the following theorem. [1, Theorem 2.3] .) The following are equivalent for a module M.
Theorem 2.2. (See
Now we give some lemmas to prove our result.
Lemma 2.3. Let m ∈ M.
If there exists λ ∈ M * such that mλ = e = e 2 and (1 − e)m is I -semiregular, then m is I -semiregular.
Thus m is I -semiregular by Lemma 2.1. 2 
. This is what we wanted. 2
I -semiregular rings and projective I -covers
Zhou extends the notion of small submodules to δ-small submodules in [15] . A submodule Now we extend the notion of δ-small submodules to study a generalization of δ-semiregular rings and δ-semiperfect rings. Definition 3.1. Let I be an ideal of a ring R, and N be a submodule of an R-module M. We say that
On the other hand, any module is DM for Soc( R R). Moreover, any semisimple module is DM for any ideal I , and any finitely generated module is DM for a δ-small ideal I and so does a ring R.
Nicholson and Zhou in [11] define a strongly lifting left ideal that is a generalization of an idempotent lifting left ideal. A left ideal I of a ring R is called strongly lifting if a 2 − a ∈ I , then there exists e 2 = e ∈ Ra such that e − a ∈ I . They characterize I -semiregular and I -semiperfect rings by using strongly lifting ideals I . For an ideal I , R is I -semiregular if and only if R/I is regular and I is strongly lifting [11, Theorem 28] . R is I -semiperfect if and only if R/I is semisimple and I is strongly lifting [11, Theorem 36] . Now if I is strongly lifting left ideal, then I is a DM left ideal in R. For, let R = I +X for some left ideal X. Then 1 = a + x where a ∈ I , x ∈ X. Since x 2 − x ∈ I , there exists e 2 = e ∈ Rx such that e − x ∈ I . Hence we have that R = R(1 − e) + X where R(1 − e) ⊆ I . But the converse is not true in general, because for example J (R) is DM but not strongly lifting in general. Therefore, the concept of DM is a generalization of the notion of δ-small submodules and of strongly lifting ideals.
If every submodule of M is DM in M, then M is called refinable (see [5] ). By using DM submodules, modules with the finite exchange property (see [6] for the definition) are characterized in [5] . Let M be a self-projective module. Then every submodule of M is DM in M if and only if M has the finite exchange property [5, 11.31 ].
Now we study some properties of submodules having DM.
Lemma 3.2. Let N be a summand of a module M and A be a submodule of N . Then A is DM in N if and only if
It follows that N = S + L and S is a summand of N . This completes the proof. 2
By Corollary 3.3, we have that R is a left DM ring for an ideal I if and only if any finitely generated projective left R-module is DM for I .
Then similarly, we get a decomposition
After finite steps, we find the summands
Now we recall some projective covers. A module M is said to have a projective cover (δ-cover [15] , Soc-cover [12] , respectively) if there exists an epimorphism f : P → M such that P is projective and Ker f P (Ker f δ P , Ker f ⊆ Soc(P ), respectively). Here we consider some generalizations of these covers. Definition 3.5. Let I be an ideal of a ring R and M be an R-module.
Ker f is DM in P .
Hence Soc-covers will be called Soc( R R)-semicovers from now on. But since Ker f is DM in P whenever Ker f ⊆ Soc( R R)P = Soc(P ), we have that a projective Soc( R R)-semicover is the same as a projective Soc( R R)-cover. Also for δ( R R) and J (R) we have the following result which shows that a projective I -cover is a generalization of a projective cover and a projective δ-cover.
Proposition 3.6. A module M has a projective δ( R R)-cover ( projective J (R)-cover, respectively) if and only if M has a projective δ-cover ( projective cover, respectively).
Proof. It is enough to prove the necessity. Let P be a projective module and f : P → M an epimorphism such that Ker f ⊆ δ(P ) and Ker f is DM in P . We claim that Ker f δ P . Let X be a submodule of P such that P = Ker f +X. Since Ker f is DM in P , there exists a summand S of P such that S ⊆ Ker f and P = S + X. Write P = S ⊕ S . Then δ(P ) = δ(S) ⊕ δ(S ). Since S ⊆ δ(P ), we have that S = δ(S). Since S is projective, S is semisimple by [12 If Ker f ⊆ Rad(P ) and Ker f is DM in P , in the above proof we have that S = Rad(S). But since S is projective, S = 0. Then we have that P = X and hence Ker f P . 2
Clearly a module M has a projective 0-cover if and only if M is projective.
Note that the projective J (R)-semicover was studied in [3, 13] under the name "generalized projective cover." Also the projective ρ( R R)-semicover was defined by Nakahara [7] and named by "projective ρ-semicover" for any precover ρ.
We extend some well-known theorems about projective modules (see [2] ).
Proposition 3.7. Let I be an ideal of a ring R, a module M has a projective I -semicover and
Proof. Let I M = M and f be an epimorphism from P to M such that Ker f ⊆ I P . Then
. By [12, Proposition 2.13], P is semisimple and so do M. On the other hand, P = Ker f ⊕ L for a submodule L of P and so M ∼ = P / Ker f ∼ = L is projective.
(ii) For any nonzero projective module P , Rad(P ) = P and Z(P ) = P . 2
Now we note another result about I -semicovers without a proof. Proof. Let f i be an epimorphism from a projective module P i to M i such that Ker f i is DM in P i and Ker
Clearly, in this lemma we may consider any direct sum of submodules for a projective I -semicover. The following lemma is a key result for our work. 
Since (y)h ∈ S, it follows that (y)p = (y)hf = 0 and so y ∈ N . Thus Y ⊆ N . Now let x ∈ N ∩ X, and so x = (t)g for some t ∈ A.
With Lemma 3.10, we can give the following characterization of I -semiregular rings related to projective I -covers.
Theorem 3.11. Let I be an ideal of a ring R. Consider the following conditions: (i) every finitely presented left R-module has a projective I -cover, (ii) for every finitely generated left ideal K of R, R/K has a projective I -cover, (iii) every cyclically presented left R-module has a projective I -cover, (iv) R is I -semiregular.

Then (i) ⇒ (ii) ⇒ (iii) ⇒ (iv), and (iv) ⇒ (i) if R is a left DM ring for I .
Proof. (i) ⇒ (ii) ⇒ (iii) They are clear.
(iii) ⇒ (iv) Let K be a cyclic left ideal of R. Then R/K has a projective I -cover, and so by Lemma 3.10 R is I -semiregular.
(iv) ⇒ (i) Let M be a finitely presented left R-module. Then M ∼ = R (n) /K where K is a finitely generated submodule of R (n) for some n. Since R is I -semiregular, R (n) is I -semiregular by Theorem 2.6. By hypothesis, R R (n) is DM for I . Hence M has a projective I -cover by Lemma 3.10. [15] are exactly the δ( R R)-semiregular rings.
If I = J (R), then Theorem 3.11 gives the characterization of semiregular rings (see [10] ). 
As for the singular ideal, it can be easily seen that Z( R R) ⊆ J (R) if and only if Z( R R) is
(i) R is Z( R R)-semiregular. (ii) Every cyclically presented left R-module has a projective Z( R R)-cover. (iii) For every finitely generated left ideal K of R, R/K has a projective Z( R R)-cover. (iv) Every finitely presented left R-module has a projective Z( R R)-cover.
Similarly, if I ⊆ Soc( R R), then R is a left DM ring for I . Note that R is Soc( R R)-semiregular if and only if R/ Soc( R R)
is regular (see [4] ). Hence, 
I -semiperfect rings and projective I -covers
In this section, we study I -semiperfect rings related with projective I -semicovers and projective I -covers for an ideal I . Proof. Let f : P → S be a projective I -semicover of S. If I P = P , then S = f (P ) = If (P ) = I S. Then since any homomorphism from S to an R/I -module M is zero, S is M-projective for every R/I -module M. If I P = P , then Ker f = I P . Then P /I P ∼ = S is a projective R/Imodule by [2, p. 191] . Hence the proof is completed. 2 Then f := i∈Λ f i : i∈Λ P i →M is an epimorphism and P = i∈Λ P i is projective. Let g : M →M be the canonical epimorphism. Then there exists a homomorphism h : P → M such that hg = f . Then we have that M = (P )h + I M. Since I M δ M by [15, Lemma 1.5], there exists a semisimple projective submodule X of M such that M = (P )h ⊕ X. Since h : P → (P )h is a projective I -semicover, we have that M has a projective I -semicover. The hypotheses of the theorem are also satisfied for any factor module of M. Hence every factor module of M has a projective I -semicover. 2 From now on we consider projective I -covers to characterize I -semiperfect rings. First we prove the following theorem which shows that the projectivity condition in [12, Theorem 2.10] is removable by a similar proof.
A module M is said to have C 3 if, whenever M 1 and M 2 are summands of M such that (i) every finitely generated left R-module has a projective I -cover, (ii) every factor module of R R has a projective I -cover, (iii) for every countably generated left ideal L of R, R/L has a projective I -cover, (iv) R is I -semiperfect, (v) every simple factor module of R R has a projective I -cover. (ii) ⇒ (v) It is obvious. (iv) ⇒ (i) Assume that R is a left DM ring for I and R is an I -semiperfect ring. Let M be a finitely generated left R-module. Then there exists an epimorphism f : F → M where F is a finitely generated free module. Since F is I -semiperfect by Theorem 4.6 or [12, Corollary 2.11], Since any strongly lifting ideal is DM as a left and right ideal in R, by [11, Theorem 36] and Lemma 4.3, we can characterize I -semiperfect rings by using projective I -semicovers as follows. 
